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The exercise sessions will take place on Thursdays, from 8 to 9:45 in
room Y27-H-46.

Exercise 1. We start with some simple/classical counting problems. Find solu-
tions that are as straightforward as possible.

Recall that
(
n
k

)
= n!

k!(n−k)! counts the number of subsets of k elements in a
set of n elements. (Also try to remember why.)

1. How many subsets of the set [10] = {1, 2, . . . , 10} contain at least one odd
integer?

2. In how many ways can seven people be seated in a circle if two arrange-
ments are considered the same whenever each person has the same neigh-
bors (not necessarily on the same side)?

3. How many permutations σ : [6]→ [6] satisfy σ(1) 6= 2?

4. There are four men and six women. Each man marries one of the women.
In how many ways can this be done?

5. Ten people split up into five groups of two each. In how many ways can
this be done?

6. In how many different ways can the letters of the word MISSISSIPPI be
arranged if the four S’s cannot appear consecutively?

7. How many sequences (a1, a2, . . . , a12) are there consisting of four 0’s and
eight 1’s, if no two consecutive terms are both 0’s?

8. A box is filled with three blue socks, three red socks, and four chartreuse
socks. Eight socks are pulled out. In how many different sets of socks can
this result? (Socks of the same color are indistinguishable.)

Exercise 2. We saw in the lecture that the number of Dyck paths of size n is
given by the n-th Catalan number cn. In the following exercise we explore some
basic properties of these numbers.
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1. Recall the following expression for the ordinary generating function (OGF)
of Catalan numbers, derived in the lecture:

C(z) =
∑
n≥0

cnz
n =

1−
√
1− 4z

2z
.

From it, show that cn = 1
n+1

(
2n
n

)
.

Hint: Use the Taylor expansion (1 + x)α =
∑
n≥0

(
α
n

)
xn, whose coef-

ficients are the generalized binomial coefficients
(
α
n

)
=
∏n
k=1

α−k+1
k =

α(α−1)...(α−n+1)
n! . (If n = 0, this product is an empty product and has

value 1.)

2. Find an asymptotic estimate of cn using Stirling’s approximation of the
factorial: n! ∼

√
2πn

(
n
e

)n.
Exercise 3. We continue with Catalan numbers. We will show in this exercise
(and in two different ways) that the Catalan number cn also counts the number
of unlabelled rooted plane trees of size n+ 1.

We define unlabelled rooted plane trees (upt) recursively as follows:

– there is no upt of size 0 ;

– there is exactly one upt of size 1 ;

– A upt of size n ≥ 2 is a pair (k,T ) where k is a positive integer and T is
k-uple of upts (T1, ..., Tk) of size n− 1 (the size of a k-uplet (T1, ..., Tk) is
by definition the sum of the sizes of T1, T2 ... and Tk).

We first prove that there are cn upts of size n+1 following a method similar to
the one used in the lecture for counting Dyck paths. Let un be the number of
upts of size n. Define the OGF of upts as U(z) =

∑
n≥0 unz

n.

1. Fix k ≥ 1. Show that the generating function of k-uple of upts is U(z)k.

2. Show that U(z) satisfies the functional equation

U(z) = z +
zU(z)

1−U(z)
.

3. Having in mind that U(0) = u0 = 0, solve formally the equation above.

4. Show that the number of upt of size n+ 1 is the n-th Catalan number.

We now turn to a second proof of this result.

5. Find a bijection between upt and Dyck paths to explain that the n-th
Catalan number counts the number of unlabelled rooted plane trees of
size n+ 1.

Hint: Try to see upts “pictorially” as trees, in a flavour similar to family
trees (German: Stammbaum). Can you see some similarities between a
Dyck path and the contour of a upt, obtained by imagining a ant walking
around this picture of the tree?
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