
Enumerative combinatorics
Exercise sheet nb. 4

Jacopo Borga

October 18, 2018

Exercise 1. We present another admissible operator for combinatorial classes,
similar to Multiset. Let A be a combinatorial class. We define the power-set
of A, PSet(A) as the set of finite subsets of A equipped with the following size
notion: the size of a finite subset of A is the sum of the sizes of the elements
that it contains.

Show that PSet is an admissible construction and that, if C = PSet(A), then

C(z) =
∏
n≥0

(1 + zn)an = exp

∑
k≥1

(−1)k−1

k
A(zk)


What is the OGF of partitions in distinct parts?

Exercise 2. Let rn be the number of ways to cover a strip of length n with tiles
of length 1 and 2. An example is given in the following picture.

A strip of length 10:

A tile of length 1 A tile of length 2

A possible covering of the strip:

We denote with R the corresponding class and with R the OGF

R(z) =
∑
n≥0

rnz
n.

1. Compute some first values of rn.
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2. Find a recurrence for rn.

3. Describe R using the admissible operations of the lecture. Deduce an
expression for R.

4. Explain how the above technique can be extended to the following sets of
tiles:

• Three tiles of length 1, 4 and 5.
• A blue tile of length 1, a red tile of length 1 and a tile of length 2.

Exercise 3. In this exercise we explore the combinatorial class of triangulations.
Fix n+ 2 points arranged in anticlockwise order on a circle and conventionally
numbered from 0 to n + 1 (for instance the (n + 2)th roots of unity). A tri-
angulation is defined as a (maximal) decomposition of the convex (n + 2)-gon
defined by the points into n triangles (see figure below).

Triangulations are taken here as abstract topological configurations defined
up to continuous deformations of the plane. The size of the triangulation is the
number of triangles; that is, n. There is one empty triangulation. Given a non
empty triangulation, we define its root as a triangle chosen in some conventional
and unambiguous manner (e.g., at the start, the triangle that contains the two
smallest labels). Then, a non empty triangulation decomposes into its root
triangle and two subtriangulations (that may well be empty) appearing on the
left and right sides of the root triangle. The decomposition is illustrated by the
following diagram:

Figure 1: Decomposition of a non-empty triangulation.
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1. How can be described the class T of all triangulations using the previous
decomposition and the admissible operations? (We consider a 2-gon (a
segment) as giving rise to an empty triangulation of size 0.)

2. Write an equation satisfied by the OGF T associated to T .

3. Solve the equation.

4. Deduce that the triangulations are enumerated by a well-known sequence
of numbers.
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