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Exercise 1. The goal of this exercise is to illustrate that the technique we used
in the lecture to compute the ordinary generating function for the class of com-
positions can be adapted when the number of parts (or the values of the parts)
satisfies some extra conditions. For instance, we compute the generating func-
tion for the class of compositions in an even number of parts such that all the
parts are odd. We denote this class by R.

1. What is the ordinary generating function for the class of odd integers
”2I + 1”?

2. How can we view R as a combinatorial class obtained from ”2I +1” with
admissible operations?

3. Use the previous construction in order to determine the ordinary generat-
ing function R(z) for R.

4. Use the partial fraction decomposition to get a formula for the coefficients
[zn]R(z), for all n ≥ 0.

5. What is the asymptotic behavior of [zn]R(z)?

Exercise 2. The purpose of this exercise is to compute the generating series
Aw0

(z) of the combinatorial class Aw0
consisting of words in the alphabet {a, b}

avoiding w0 := aabaab as a factor. To do that, we consider two auxiliary
combinatorial classes:

• the class Ew0 of words ending with w0, but containing no other occurrences
of w0 as a factor;

• the class Hw0 of words avoiding w0 (as a factor) and ending by aab.

Complete and prove the following equalities of combinatorial classes

{a, b}∗ = Aw0
+ . . .

Aw0aabaab = Ew0 + . . .

Hw0aab = Ew0
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Translate this into a system of equations on the generating series and solve this
system to determine Aw0(z).

Exercise 3. We define the rank of a partition λ = (λ1, . . . , λk) as the maximal
i such that λi ≥ i (for example, the rank of (7, 7, 4, 2, 1) is 3).

1. Find a bijection between partitions λ of n of rank r and integer arrays(
a1 a2 . . . ar
b1 b2 . . . br

)
,

such that a1 > a2 > · · · > ar ≥ 0, b1 > b2 > · · · > br ≥ 0, and
r +

∑
(ai + bi) = n.

By definition, the size the above integer array is n and we also call r its
rank.

Hint: Ferrers diagrams represent partitions as patterns of dots in the
square lattice as follows. A partition with k parts corresponds to a Ferrers
diagram with k rows. The left sides of the row are vertically aligned. The
i-th row (from the top) contains the same number of dots as the i-th part
in the partition.

The notion of rank can be interpreted as the number of dots of the main
diagonal in the Ferrers diagram. It is also the number of dots contained in
the side of the largest square starting at the top left corner in the diagram.
An example is given in the picture below.

Can you find a bijection between integer partitions and integer arrays,
which preserves the size and the rank, by looking at the dots to the right
of the diagonal and at the dots below the diagonal?

λ = (7, 7, 4, 2, 1)

Rank(λ) = 3

2. A concatenated spiral self-avoiding walk (CSSAW) on the square lattice is
a lattice path in the plane starting at (0, 0), with steps in {(±1, 0), (0,±1)}
and first step (1, 0), with the following three properties:

• the path is self-avoiding, i.e., it never returns to a previously visited
lattice point;
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• every step after the first must continue in the direction of the previous
step or turn right;

• at the end of the walk it must be possible to turn right and walk
infinitely many steps in the direction faced without intersecting an
earlier part of the path.

The length of a path is its number of steps.

Usually, the step are written N = (0, 1) (for North), E = (1, 0) (for East),
S = (0,−1) (for South) and W = (−1, 0) (for West).

For example, there are five CSSAW’s of length four, namely NNNN ,
NNNE, NNEE, NEEE, andNESS. Note thatNEES is not a CSSAW
since continuing with steps WWW . . . , it would intersect (0, 0).

Show that the number of CSSAW’s of length n is equal to p(n), the number
of partitions of n.

Hint: Suppose that a path P consists of c1 steps N , followed by c2 steps
E, then c3 steps S, etc., ending in c` steps in its final direction.

Distinguishing two different cases, depending on whether ` is even or odd,
partitions the set of CSSAW’s of length n into two parts, A1 and A2.

Find a corresponding partition of the set of integer arrays of size n into
two parts, B1 and B2 (for instance by considering whether br = 0 or not).

And find two (similar) bijections which map respectively A1 to B1 and
A2 to B2. For ` as defined above, it is convenient that the bijections map
d`/2e to the rank of the integer array.
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