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Exercise 1. We consider here the Bernoulli numbers Bn, which are defined by

f(z) :=
z

ez − 1
=
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n=0

Bn
zn

n!
.

1. Show that f is a meromorphic function with simple poles in zk = 2ikπ
(k ∈ Z∗).

2. Let K be a positive integer. Prove that there are some constants Ck, C−k,
such that, as n tends to infinity,

Bn

n!
=

K∑
k=1

(
Ck(2ikπ)

−n + C−k(−2ikπ)−n
)
+O

(
((2K + 1)π)−n

)
.

3. We assume that the remainder above tends to 0 when K tends to infinity
(this is not obvious since the constant in the O symbol depends on K)
and that Ck = C−k = −1, for all k. Deduce from it that, for m ≥ 1,

∞∑
k=1

1

k2m
= (−1)m−1 B2m22m−1

(2m)!
π2m.

Note: you have almost proved that the value ζ(2m) of the Riemann zeta function
at even integer is a rational multiple of π2m. In particular it is transcendental.
For values at odd integers, it is only known that ζ(3) is irrational!

Exercise 2. Let Tn be the number of triangulations of a rooted n+2-gon explored
in exercise 3 of sheet nb. 4. Find a bijection to prove that

(4n+ 2)Tn = (n+ 2)Tn+1.

Use this to recover the formula for Tn.
Hint: look at the following picture (the edge with a single arrow is the root-

edge of the polygon, i.e. the edge between the points 0 and 1 according to the
notation used in exercise 3 of sheet nb. 4)
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Exercise 3. A non-crossing pairing of [2n] := {1, ..., 2n} is a partition of [2n]
into pairs such that there don’t exist i, j, k, l with i < k < j < l and {i, j} and
{k, l} belonging to the pairing. We represent graphically a pairing by putting
the integers 1, 2, · · · , 2n on a baseline, and drawing an arch from i to j above
this baseline for any pair {i, j} in the pairing. In this representation, a pairing
is non-crossing if arches do not cross. Example and counter-example:

1 2 3 4 5 6 7 8 1 2 3 4 5 6 7 8{
{1, 6}, {2, 3}, {4, 5}, {7, 8}

} {
{1, 5}, {2, 6}, {3, 4}, {7, 8}

}
Let P be a non-crossing pairing. We associate to it a path as follows: start at
(0,0), "read" the pairing from left to right, to an opening of arch (resp. closing
of arch ), we associate an up-step (1, 1) (resp. a down-step (1,−1)). Here is
the path associated to the non-crossing pairing above.

Prove that this defines a bijection from non-crossing pairings of [2n] to Dyck
paths of size n. How many non-crossing pairings of [2n] are there ?
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