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Exercise 1. In this exercise we explore two well-known permutation statistics:
the number of cycles and the number of left-to-right maxima.

We recall that given a permutation σ = σ1σ2 . . . σn we say that σi is a
left-to-right maximum if σj < σi for all j < i.

1. Compute the exponential generating function of the class of permutations
composed by k cycles.

2. Let σn be a uniform random permutation of size n. Using the exponential
generating function of question 1., express P(σn has k cycles).

3. Compute the average number of cycles in a uniform random permutation
of size n. These numbers are called "Harmonic numbers".
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4. We now consider the Foata transformation defined as follows.

• Consider a permutation σ written in cycle representation.

• Cyclically rearrange each cycle so that it begins with its largest ele-
ment.

• Arrange the cycles in increasing order of their largest elements.

• Reinterpret in one-line notation: drop the commas and parentheses
and you get a string of length n that is the one-line notation for a
permutation. This is the new permutation that is the image by the
Foata transformation.

Show that the Foata transformation is a size-preserving bijection from
the combinatorial class of permutations to itself that sends a permutation
with k cycles to a permutation with k left-to-right maxima.

5. What is the number of permutations of size n containing k left-to-right
maxima?

Exercise 2. In this exercise, we consider
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• the combinatorial class G of labelled graphs;

• the combinatorial class C of connected labelled graphs.

(All graphs are “simple”, that is to say without loops nor multiple edges.)

1. What is the number gn of graphs on vertex set [n] ? Give a formula for the
exponential generating function G(z) of G (under the form

∑
n≥0

gn
n! z

n,
there is no "closed" formula for this series).

2. Show that any graph G writes uniquely (up to the order of the factors) as

G = G1 t · · · tGk,

where t denotes the disjoint union, the Gi are connected graphs and the
equation above means that

V = V1 t · · · t Vk,
E = E1 t · · · t Ek.

Vi (resp. Ei) denotes the vertex set (resp. edge set) of Gi.

3. Observe that this translate as

G = Set(C).
What relation does it imply on exponential generating functions? (this
relation is called the exponential formula and is very important in graph
theory.)

Exercise 3.

We consider the labelled combinatorial class
IT of rooted increasing labelled non-plane trees
(with no restrictions on arities on vertices): in-
creasing means that the label of a child is always
bigger than the label of its parent (in particu-
lar, the root has always the smallest label). An
example is given on the right.

1. Prove that
IT = Z� ? Set(IT ).

2. Translate this into a differential equation for IT (z) and solve it.

3. What is the number itn of increasing rooted labelled non-plane trees of
size n?

4. Observe that such a tree is entirely determined by the choice, for each
i ≥ 2, of the label of the parent of the node labelled with i. Deduce from
this observation another proof of the formula for itn.

2


