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Exercise 1. Recall that [n] = {1, 2, . . . , n}.
1. Using the principle of inclusion-exclusion, compute how many functions

f : [n]→ [n] have no fixed points.

2. Let E(n) be the number obtained in 1. Show that

lim
n→∞

E(n)

nn
=

1

e
,

the same as limn→∞
D(n)
n! = 1

e (see in the lecture notes the section about
derangements).

3. Which of D(n)
n! and E(n)

nn gives the better approximation to e−1?

Exercise 2. Fix k ≥ 1.

1. Show that there are
∑

0≤p≤bnk c
(−1)p n!

kpp! permutations of [n] having no cycle

of length k.

2. If fk(n) denotes this number, then compute limn→∞
fk(n)
n! .

Hint: For solving question 1, there are (at least) two approaches. One is
to consider permutations with at least p cycles of length k, and to use the idea
of inclusion-exclusion (but not the formal statement of the lecture). The other
is to generalize the proof for derangements, using the formal statement of the
lecture, but with subsets of A = {permutations of size n} that are indexed by
subsets of {1, . . . , n} of cardinality k rather than by integers.

Exercise 3. Consider a circular table with 2n indistinguishable seats around.
We want to count the number of ways that 2n people can sit at this table and
form n pairs such that no two adjacent persons can form a pair. (Note that,
because the seats are indistinguishable, two seatings that are the same up to
rotation are considered to be the same seating.)

Express this number as a finite (signed) sum.
Hint: You can first count the number of such seatings were the pairs are

numbered from 1 to n. Noticing the similarity with one of the examples of the
lecture should also help.
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