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Exercise 1. Let C be the combinatorial class of unary-binary trees and χ be the
parameter counting the number of leaves.

1. Compute (explicitly) the bivariate OGF.

2. Recover the expression for the generating series for unary-binary trees (and
compare the result with the one obtained in the midterm homework).

3. Estimate the average number of leaves in a unary-binary tree with n nodes.

Exercise 2. Let C be the combinatorial class of (general) plane rooted labeled
trees and χ be the parameter counting the degree of the root.

1. Compute (explicitly) the bivariate EGF.

2. Recover the expression for the exponential generating series for (general)
plane rooted labeled trees (and compare the result with the one obtained
during the lectures).

3. Estimate the average degree of the root in a (general) plane rooted labeled
tree with n nodes.

Exercise 3. Let T be the class of unlabeled binary (i.e., allowed arities are 0
and 2) rooted plane trees where the size |T | of a tree T ∈ T is the number of
internal nodes of T . An example is given in Fig.1. We define the left (resp.
right) branch of a tree in T as the path from the left-most (resp. right-most)
leaf to the root. Consider the trivariate generating function

C(z, x, y) =
∑
T∈T

z|T |x|LB(T )|y|RB(T )|,

where |LB(T )| (resp. |RB(T )|) denotes the number of internal nodes in the left
(resp. right) branch.

1. Using the classical decomposition of the binary trees in root, left subtree
and right subtree, show that C(z, x, y) satisfies the equation

C(z, x, y) = 1 + zxy · C(z, x, 1) · C(z, 1, y). (1)
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Figure 1: Two different binary trees of size 6.

2. Setting x = y = 1 in Equation (1) and A(z) = C(z, 1, 1) find an equation
for A(z) and solve it. Is this generating function familiar?

3. Substituting y = 1 in Equation (1) and setting B(z, x) = C(z, x, 1) write
an equation involving B(z, x) and A(z). Solve it and find an expression
for B(z, x).

4. Find a combinatorial explanation (symmetry is a useful keyword here. . . )
for the equality C(z, x, 1) = C(z, 1, x).

5. Finally, using C(z, x, 1) = C(z, 1, x) prove that

C(z, x, y) = 1 + zxy

(
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