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Authorized documents:
All your personal notes about this lecture and associated exercises.
Also, all documents posted on the website of the lecture.
No books nor printed lecture notes however.

Exercises are independent, and may be solved in the order you prefer.



Name: 1

Schröder paths

Exercise 1

A Schröder path of size n is a path from (0, 0) to (2n, 0) which stays weakly above the x-axis, and
uses three types of steps: the up steps (1, 1), the down steps (1,−1) and the double flat steps (2, 0).

The figure below shows an example of Schröder path of size n = 4 with 1 double flat step.

.

Let S be the combinatorial class of Schröder paths, and S(z) =
∑

n≥0 snz
n be its ordinary generating

function.

(a) (2 points) By considering the first return (i.e. the smallest number j > 0 such that (2j, 0) is on
the path), show that :

S = E + Z × S + Z × S × S, (♥)

where E is the class with one element of size 0 and Z the class with one element of size 1.

(If you cannot prove (♥), you may admit it and continue the exercise.)

(b) (1 point) Translate (♥) into an equation on S(z).

(c) (1 point) Solve it to obtain

S(z) =
1− z −

√
z2 − 6z + 1

2z
.

(d) (1 point) Defining Y (z) := S(z)− 1, deduce from question (b) that Y (z) satisfies the functional
equation

Y (z) = zϕ(Y (z)) where ϕ(u) = u2 + 3u+ 2.

(e) (2 points) Apply the Lagrange inversion formula to determine the number of Schröder paths of
size n.

(f) (1 point) Explain why S(z) has a unique dominant singularity. What is it?

(g) (1 point) What information does it imply on the asymptotic behavior of sn?

(h) (1 point) Without doing the computations, explain the method that would allow you to derive
a more precise information on the asymptotic behavior of sn.

(i) (1 point) We now consider the parameter χ on Schröder paths which counts the number of
double flat steps. Modify the combinatorial equation for S into an equation for the marked
version of S for this parameter χ.

(j) (1 point) Translate this combinatorial equation into an equation for the bivariate generating
function S(z, u). Solve it to obtain an explicit expression for S(z, u).



Name: 2

Words as labeled objects

Exercise 2

Let Σ be an alphabet of k letters. Recall that a word w of size n on alphabet Σ is a tuple w =
(w1, w2, . . . , wn) with, for each i, wi ∈ Σ.

(a) (1 point) Explain why words of size n on the alphabet {a, b, c} are in bijective correspondence
with triples (A,B,C), where A, B and C are disjoint subsets of {1, 2, . . . , n} whose union is
{1, 2, . . . , n}. (Hint: Interpret A (resp. B, C) as the set of indices i such that wi is . . . )

(b) (1 point) Extending the reasoning of the previous question, argue that, seen as a labeled class,
the class of words on Σ (an alphabet of k letters) can be described as Seqk(U), where U is the
class of urns.

(c) (1 point) Deduce that the exponential generating function of the class of words on Σ is exp(k·z).

(d) (1 point) Recover from this exponential generating series that there are kn words of size n on
alphabet Σ.



Name: 3

Box product

Exercise 3
The purpose of this exercise is to show using the box product that the exponential generating function
of the combinatorial class of permutations having k left-to-right maxima is

Pk(z) =
1

k!

(
log( 1

1−z )
)k
.

Recall that the box product A� ? B of two classes A and B is the subclass of A ? B such that the
maximum label is carried by an atom of A.

Recall that an element σ(i) of a permutation σ is a left-to-right maximum when it is larger than all
element σ(j) for j < i. For example, the left-to-right maxima of the permutation σ = 215637984 are
2, 5, 6, 7 and 9.

For any k ≥ 1, let Pk denote the combinatorial class of permutations having exactly k left-to-right
maxima, and let Pk(z) be the corresponding exponential generating function.

(a) (1 point) What is the first element σ(1) of a permutation having exactly one left-to-right maxi-
mum? What is the number of permutations of size n having exactly one left-to-right maximum?

(b) (1 point) Deduce that the exponential generating function of permutations having exactly one
left-to-right maximum is log( 1

1−z ).

(c) (1 point) Find a combinatorial equation for P1 involving the box product. (Hint: isolate the
first element of the permutation.)

(d) (1 point) Translating this combinatorial equation on exponential generating functions, find an
equation for P1(z), and solve it to recover that P1(z) = log( 1

1−z ).

(e) (2 points) For k ≥ 2, find a combinatorial equation for Pk that involves Pk−1 and uses the box
product. (Hint: isolate the maximal element, and notice that all other left-to-right maxima
different from it are to its left.)

(f) (1 point) Translate this combinatorial equation into an equation relating the generating functions
Pk(z) and Pk−1(z).

(g) (2 points) Prove by induction on k that for all k ≥ 1 we have Pk(z) = 1
k!

(
log( 1

1−z )
)k

.



Name: 4

Inclusion-exclusion

Exercise 4
Using the inclusion-exclusion principle, prove that the number of surjective functions from {1, 2, . . . , k}
to {1, 2, . . . , n} is

n∑
i=0

(
n

i

)
(−1)i(n− i)k.

(Hint: Recall that a surjective function f from {1, 2, . . . , k} to {1, 2, . . . , n} is such that for all i ∈
{1, 2, . . . , n}, i is in its image set f({1, 2, . . . , k}).) (3 points)
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