34 - ﬂigorw::. resolts on  mesndric ‘5(7.51‘ems

Let
J A = Hau&Jo(ﬁ Jnmen&non oI Yhe Vz- LOG srhag, [B@ééo wdics ¥ hos

megsure 2 fJ’

ln+u+v dis mams thot a]

The nober d exists ond is @s. constnt thems {o [Gwaunc‘ :Pé’egger ,122]. The exect wlbe
is NOT wown (Hhis is ore oX Hhe medt impsrhunt oo F,o\fems m te f,e&{) bot [Gw«dune,%ﬁer,"ﬂ
proves  thet

355 % 2(3+30B-R)(1-M8) < d< Z-é(swz % 363,

Woneaer, the (fo& Hhot (ﬂn,ﬁ) — (TZ-'LQG,&.EQ n Ve Two s/pl-ae sense,giues

Hhet
(J w.r.t. ‘H«e 3rsf)h &skm.e in nn

?roeos.’rion; N.h.r. dww«ejcer (ff )— Hroo Jd/w} isl ¥ Se(on)

P T < dueter ()< 1*F) 5 4

h—>00

-

Tlue frcfcb'u‘hoh 15 f!b\&co Uéirg 8‘@ncpsrd "Ec‘miraeb sud f%ﬂs fmm on )mfor/anf res(,e‘/‘
oX [Gwauue , Holden , Son | ’20] td  olbws o conpae distmeos  between f&m mps ondd Yhe
a‘w'&iv\a LQG-&:vXace wher one has Convergence i the  Pamo- srlme suse.

We are fewﬂ(‘j re&(jy b &‘{w'e ovr  win nsu@&-
THmr( 4 (B ) G'Wénne ﬂ%ﬂ( '23)

W.In.()., 3 lell such thet  dimebr (€)> e
’REM&Y%'.

o The heorem ahoue Fmve.s (Vwodueo ﬂe o(N correction m ‘Hue cxtzomnf) M avfs £n
M do wt caﬁ«‘ose bo 'Ooiw(’s in the buit, ie. there e e &o/sb

o The oty derm s thee becwse there ore wo  owibble ‘(’xhuictocs fo 3(2‘ Uf)—"/o-con.slan‘/s
bounds %r 3“‘3[«-4(5{'% dn Na.

4, - o0 h-00)
diswetec (€) 2 N 4% =>4 {uecties 4 €§ > n° o



v v
'é -o)

doweler (€) 3 0 4% = # {vectices n e} > n
0.235 ¢ 44£ 0.282 Jfow« fe ruuio\b boonds on d.
Tuis i e &Wﬁ ‘oowsr—ewl bound (Le(fom kdvz‘m {move& &’3("))
’ rz,l4 is croik jor Xvom \J&e, rreu»ooae(us comdec{'uve h“ , o 0.9 :
I oder to 8& s }m'omwuen+, one heeds to show Wt the &of) € is maxh
or thet o SeoJmic n Ny (which reguires o wsch ﬁuer una/e-swfua 1 He

?omehla 08 e wrl. Hn).

o There are two rcent woms :
- Dumiwi€~CaF3n ) Glozwon, Reled | Spinxa | 21
- Comford, Glozman, Honl , BGd, 20
which  pe  existence  of Wectossopic enofs gor the cntial O(n)-&ﬂo wodel o Ve
Lexs%ome Cice i wo J;XXeme Fonges for e ravme*ev h.
The vestte in thae Wors sl ovr reslls are 7,,.'le, cwilor n srmJ? bot He
fwogs ore wueeekea diXXe«'W'} (we ore working on wndom  folice) .

T"EOR'EH 2 (B ; G’wgnne, Tarx , '25)
Consider e n J'm; fe  meandric sadem Moo -

Cot £ Hhe ores (,rossma the bloe r.g Jbove  (Here re i»f/m'k% wong orcs Jo cot)  eond
Yewite Successive f»‘«rs °S onmatched ends ae ghown in the rio\'ure (Orenae dotted 6’»\&)

Tl«en,,g.s.) Here sre NO infim‘-/a ‘éof:s

Remore. The rew ms. shoe & coflel Unifon Infinite. Hoff Plone Hemchic System (UIHPHS) ol it

s comdec(weé do  have exadfa He sawme seema Gt of d um‘jom ms. bot  with
the {o'zoeoa\( og the MX ?fwe (instesd 03 fre s(;here}.

Rewmoru . Hom@a, this s eﬁmem {o oy ot Hhere is no i«J.-..‘l'e costec i fe@&’hw
agA& removing o hy grow\ e Srigin n the ?eune.



3.5  Mesmdric Saswlems & ?e\‘coeihon
Consider o mamdric sas{-em:

GoutH)

CO‘OOY 1‘9\& hoq) in-|aaejrs &H’erdl'iveea n aﬂd Oro'mae'.
Note Fhst

X- -'Z- with xeZ odd
: - = X- % x¢
- f,@' - Orenge = X 11 with x€Z ewn

Now 18 Yo&s\)&, metch  each (resf orsnae) vertex  with the cfosest (_msr ormae) tertex on He ql'
ond on the vaH’ ot iy mokhble  withoot crossm block  ores:

Gy

Nole ot exch oranze verkex  has 4 ro%l'me Lneg ares:

X

ie. it detenives the m.s.

Cloim - :
@D T wnﬁ ion og (Yesr orange.) orcs  delormines dhe Bk sres ond e

Oramge (resf. ) aves.
@ l; J’or each verle x e ;n&fmu% sm‘a&a esch °J he Jiwr Fokaﬁaé

uj-srcs Un{(fyu(}j ond ‘.uder. ot vondowm , then we mdch hde(f—arcs ko arcs i the
wrigue ‘m‘s\oe& ‘)('»m way , X (?mfa ue defewive the blex ors coinzub"ion s @,
then  we 8& exaofﬂd a ULMS me.

?'@(Y . Exe,rc;\se .

In prlicle , we hwe dhe (?:eeowina ?srcoeohov\ Fo‘nwl—og— view:
% open eJaes/ o d sl eJaes/ blce 6 boundsries oJ clusters.



3.6 ~Tof_of THerRor 4 (Esiore of maroscopic bcpe)

The i?rag Oé’ TEREN 1 s divided info  Fwo min s"elos-.

esSteP_ 4. Show MWt I &of in [l which s &‘3 w.rt He metrc anweJLaIZ.
- STeP 2 - SLE/Le orgoment  fo bouer - boond  dishonces in T}
Lotre we e coue  fordmankl resolhs:
« Existence of Whe  LQG- wetric. (Dag- Dbedet- Dundhp- obeont +Gogune, Hitlr)
X Moing of hess ( Siffeld- Hitlr- Diptonker)

T wé# ¢ ) [ i Jonclor o snow quite o
ona &xf&m STep 4. SEP 2 s (fw/esm}dal (Zﬁ Zzuzoec/wskadt;: >

The  mam  resol W STEP 4 is the j};%wma theorem  gbout -H\eiu(fiazjre ms. Me:

Tﬁorgn: T';Jr n &vze emxall, “Hte jo%wlvg }547@'.
%r eue«% congtont C>4, ot st ove oJ the joeeowiré eﬂen‘{s hotds with Fmb' Py ;'6-.

@ 3 top L 3k Wt

@ 3 eao‘: 6 (oran ‘lvnxnui“e Fm‘h e,) Soch ‘H,u{._
-¢
- @ hits AR ['Ch, Ch]

INTOITIVELY : ‘“““d is s emau to conclude Yot there ore  MACROKOPIC LOOPS.?

SKETCH : Us'mé the Jnderadme botween Yhe evert ghowe ond he sswe event tonsbled to the
riah’c Jwe o ensoe ht e evrt shae (wh nt? in plcef ) hﬂnré goveubere in [02n]  with i)mbahma

®
-9 n
1-9™

for ome 9,3, p>0. Then we fwr ol s plce whew He event  holds  gnd we coclick os
fb&ws: We condbion on We event E, tut Yhe hoo whs toe o excorsion between O
wd 20 (His cord b pohblly % 51T, for sme pro). Condong on €, ey betucen
O od 20 is a ang'iom meandric 55!7 of siee n .




Hewe with  conclidionsl ?mbabze-'la ot lesst

-9nP
1- a,-a;'.n?.ea'"‘ Given E, we zet Hhst
one os the yo&owma two events hofd:

COUESTION -

Hf""&\" W\na olo we a?eﬁo nacal
e,wubeaumg n -lcenaurg -Hna{ 6 ’
the here intersects the ble region ¢

sf ANSWER. - 'Ea'
“AnAAA~D Bea;use we Jg Mo"
wont thutthe
becomes tHny in the
o'mu 5}a'e of fhe
st\neve !

-+

xon? T wer

lg C ‘oig euooah,oue on show thet the 3 reaious(reé,u"a,ée%a) ore o
mocroseapic  in e ot ond 0 cowlide tl € s slso  wictosepe (iwhe frst we €

WS" SDWOUV)J "ch 8&0@ V’eaion amJ c.wmo4 kam -l'ina n 'H\e c'”\e( GA& og‘ﬂxe sfrare,/
while i the sewond cuze C most 'é.r..verse the bl reaion).

Bromf _of _dhe thoorem.

Note  that ;g d o dnfnite e"’f’ in Me then  He theorem s -"riuia&(j roe. S
Xor e vest o(g Yhe ?raos we ore 86“"3 fo gssome Pt 95 My s no inof;m'w‘e wak

We  consider the Xoe&}wig event -
,o.eé bbe rowrh

¥ J
R e a—

rr s §
-n -n h <h

I(f "}P(Ey.)a—;’? Hhen we ore dome since (B) holds. Hence uwe scsome thot

Pe)>4 -4 & € hoth

lf E holds then 3 such et
g o =)
- V-G N oronge 1 (if ¢ even)
-n - h <

Z ~ [-3cn, 30n|



?’_rorcs\"'ion: W ith ?rob.,(o-.&-%;j 2 L 3 em? such thot:

10

@ e clos:omecl& growl (o] or Somf

@ e hits o fbin{: n Z N [—Ch, Cn]

@ € hits o ro‘m“‘, cg

uiha 73 'w\ls enouah o oon,céocjc?

REMINDER. :

- |S e discomects [—h,n] fm\m 00 then @ = @ ®
S f et b @@ =@

|n¢leer.l ‘Hne\sf, -"wo aanil’-‘ons
403@‘“\9\" Ampases Yot € most
hit & roané in

q}‘gog __oj He %fos'rkon .

P(eE)> 4 —% A €5 holds

anJ i‘ Eyf hoer ‘H@n 3 sach ‘H’d‘l’,
reen
B e et ,-uw: ) OVMS“
-n -n h Cl

Z~ [-3cn, 30n|

Now w.eo.a. we con dssume Hhot TP( even | E:)aé.
As o comsequence, we con  take x e [aenn, 2003 ol such Fhat:

?( En N ] euen} n Ewhn )‘ QJJ§>? P(es)
) iwderenden{ 4

-on ™ x+C-n

M W»n X
X

s Of'dV\ge and As aveeh ES) 3 ‘eaof ese‘:awhna ond

X X

+ Then such '(oo‘semus;\' it o vertex in [ , x}é[ ,K.Y!J = (@) holds.

Hor&ver' wi‘H'\ rmbb:eu]'!} &'t &as{— P(é\:) > I_ ) C J-‘sconec'&, g—i gvom 'mJ'.ui'lg_

= @) wd @ hdd 8

L.-) be@use E: hau,s

o



3.3 ?roo{j)_og THEOREM 2

Recol the  UIHPHS:

.r& is o BLCLK
é(f‘ wikion \n&w)

ROUNDARY POINTS

GOOD BOUNDARY POINTS

A part xel is otld s i A con be comeched to the ble
G bx (0] by ime ks b whool ming sy e or He el Cie.
A ro;n-é xed is obled o '.5 His e Lo.;..ciaa fo‘m{ ond is ofso
on  end-point o Fe  rewrd orcs.

WNe denole Yhe L’o"""l‘”ra (piv\fs BJ M , te? s ot Se=0  (see rio’rure OLO\C,),
» . .« 30»' bound. foinjts u Hm M(—_Z so ht O< [H"‘Hi—gl (see rdvre el»ue).

Obserustion 4: Note  Hhst i; X: o €E2Z is o boom.J.grg ro‘m'l fhen  x+de Sy, €22+4

s oo o baunJara point.
fs o consezium) He low % the  UIHPMS s  imveriont onder &K—(:wnes'l'fons , &x# ke Z .

Obserwton 2 = The Xw{' thet o bouncl«ug YoinJr 5 4 3003 bconabra fo‘m{: s inde‘oendcnl:
of Be UIHPHS (so cor ppec for o cnefol expbrshor of Whs fick)

For euch T,J lmdma Poanlc Ho | fel R be e ouique diecked poth of
s an He  OLHINS slmlfmg fron Ha Xo%wina He o incident to Hu in the pper
h{’f- r&ne oncl enJma gt the Pt Zmd lmnlwa point ofter thon Hu (i it exists), otherwise
et B ke Yhe whole Ssemi ifinite pth  slorded (from Hon .
We o R the shired  Prom  Hux.

Lewmmo . Pluost &areea, Hhe Laovmlara ?w’(h P, e X’mi‘}e ) Y meZ.

1:) F«o‘e Ytge eemwu ne nea, ore  more deJ)'miHon-.



Ve o xe2Z,, o '.g
x s fined with on orf;er- orc o o f:oin{' in (—oo)o].
Ié ,"m Qtui‘hon ) X= J—ZK (For sSome ;ce_Z) we o x 3

See the ‘)o‘m‘f 5_6 in #le &80'9 a’poue Jbrm exw/o&

Foct: Fix £>0. Wmesl sareeg, fhere ore in(?‘mil’eea many k>0 scch that Iy i o ek
ond thee ore ot met £k urrer blocks  m (0)3-2&].

?l‘""g i‘f%ﬂ‘: One can show oslma some tondow weli eshmstes thit  P(A,) 2% , where

ﬁ..={2n=3u govm K%\Lz__ A thew oo ok mst £0n opper blecvs in (0,3'2,] }

Then one concldes st PP io.) >0 LB Kachen- Stowe thecrenn ‘Twa@z P(fni0):) b& O-1-Cows.

?_m(g _of _te lowms:

We gus{ lox ot bounJova ?ﬁﬁs T shred o 8ooJ boordora Fo‘m'k o}‘fp)e fom o, Joraowe kel.
(Rell tht the UIHPNS s inwiet oncler I&—ﬁws&#ons)

We set
EK"'=)[ SZK‘HM (forme med X Pu s &M]—in(fini‘l’eg

Note ﬂgl; ?( Ex) =1> Jor d% KGZ ( tronlotion mwrience + :);x [ 8004 s mJef og He UIHPMSB
Rssome (%r o contwdickion thst p>O. Bé e 5irkkoj’g exao:lic Fheorem :

fim L o# %H.'e[l,l{l Nz : £ OCCOUI'S} =P most w«e&d

K—o K

38 tic k We Todt obowe, we hwe thel Luwost weeg , Hhere exist arb‘.ﬁsriea &orge kedso st

gm‘f“} %(L) :SZK s o b&x,k/.
with & 4,
(&) there o ot wost Yk opper bloces  in (O,'S,_K\)ﬂZ_).

@) # { Ke[Lk] 0T : &y ocmxsg 20 K.



Fix rels, with the shoe 3 ‘arorerhes,

for Welo)NZ such tht Ep oxours Cet m)el sxh Hhat Hyicies ™ S

?rn(x'} e aem'i-'lhsiv\i‘*’e}g) oot exit (0,3) ond it on do it onea 'H\moah an (ff)er—arc, cou»edin(,j
(O};S'n) o (-,0] becase dpe is @ block & there are no lowerowcs cressing tx(-%0,0].
Pot  theze opper ores ore Pen uﬁ;er—w:us ka oLUEm'Hoh. Hence we hwe of fosst 7Kk
uﬁ)er b&c&s L)a (i.'i) . A oon{:raJicl—ion with (i), Hence. ?=O

ﬁwya , one reiaeajc&. the sowe oraume.n'} df_}or ‘Iin{::-. Qg the édrm Sg_,“, . O

The Cast frDUEJ Comma Sms o netord m.,r|'cl|in8 o&‘ﬂa anaxl bocndala ?oih-l-s. ‘IHM o

Ho s ke with He ff B oeds ob Hy

One wn show et this w%hmg is @ évgnﬁfa_erandic ramdom non-crossivg _ fgx(fed mm'ch.'na.
The GODd BoowdARY FOMTS L’ The wotding is Ecanslobion inverignt

8re needed here.g o Pay event wich is invariant onder even 5h.£{5
hes Fro'bul)'.e& Zero or one.

This jmr&'e& Cagjrer some work) the Jb%ana resolt : _
Lemms :  Abmost mea, fhere  exists iniai*efg g meso soch thet the L;oundara f”H’
?M. eno]s n'l’{'« Hm’ go‘f Some M e Zso.

We. @n  pnow @mr&k the i;.—méf ojﬂe‘mwzeﬁ 2:

Fix neN. We wi? show thet 95 Here & no bj-i»fn;k fnli« OJ s in the OLHMS  which indersecks [-n.,rq,

Note Hhst

T Thee are onlia

G\-“&ﬁ R AL
o‘oss-wE s s \[:f 5 " é e

%6 oor  femme  sbove , we  wh  then {%nop m &V(je, enov.gh suich WMok % ends of

He {for some e Z¢o and oy rever cress [-n,h]:



%

_‘,,..

T
| 92

W;biin wfﬁﬁof@ f'a'.-lel% MMCLT LS

3 f
Now | e et o L‘viniinjk ':J{\ weds o enfer and exit e HB%M regeon in order to cross [+
ond s s fObs-\oee mﬂa 'lhrwa Pe lower svcs  comecked o Hn ond  Ha (see Yhe Fwo
vai)e& on:&) ?;J- ‘m\w: [;va cpmﬁ:"\'fUJffoﬂ ch :Pw\ we wouec] no+ touch Eh,h], He)\c.e

Here 15 uo loi—‘mgiufjre, Fﬂq'l cm&b'!rg En,,n,]. d



?) g O(@L_ Toe b-hons

Here are  sowme éurH\er oooe,n Frob@ems o Meondric sag4ms A T COire:

G.Iue,n e ms. owe Cin c,ons:o)er —qu jo@owina boxes 84u4—in3 &74' 8reem and eua’ina °9" orc.wge=

_@@ﬁ@_

—_—
A box 08 cize 5 (“ Nowber oé block dote  insde dhe box)

Note ot cxch box hs 4 hr-eeﬁ/{af-naht [ botom-&t) bo!bm-wgu side .
oo e e ghowed  Hrt  the ‘)rakub'@'{a thet I o ‘t:oF-eej'l’ to loo#ou-viahf groen  crossing is:

JE=

@i@‘_ircw we COm[x}e ‘me e crossima evemt é)or &aors /iusfe&ol %P gmen-/'»%.?
Question: Is here o 3;@4 notion oj Fk6 Jor fhis wiodel!

Remar Cross‘ma wonbs  seems  to ke an - coreloted | Mot s

(o)

I quess s would immedm‘eea yueé the Xoeéowfna ower  loound gov Question 4

P pod )i



